We present the gauged N = 4 (half-maximal) supergravities in four and five spacetime dimensions coupled to an arbitrary number of vector multiplets. The gaugings are parameterized by a set of appropriately constrained constant tensors, which transform covariantly under the global symmetry groups SL(2) × SO(6, n) and SO(1, 1) × SO(5, n), respectively. In terms of these tensors the universal Lagrangian and the Killing Spinor equations are given. The known gaugings, in particular those originating from flux compactifications, are incorporated in the formulation, but also new classes of gaugings are found. Finally, we present the embedding chain of the five dimensional into the four dimensional into the three dimensional gaugings, thereby showing how the deformation parameters organize under the respectively larger duality groups.
Introduction
The first examples of N = 4 supergravities in four spacetime dimensions were constructed in the second half of the seventies [1, 2, 3, 4] and within the following decade the coupling of vector multiplets to these theories and some of their gaugings were worked out [5, 6, 7, 8, 9] . In N = 4 the gaugings are the only known deformations of the theory that are compatible with supersymmetry. They are induced by minimal couplings of vector fields to isometry generators, but supersymmetry requires various additional couplings and in particular the emergence of a scalar potential, thus giving the possibility of ground states with non-vanishing cosmological constant. So far, however, no stable de Sitter ground state has been found in these theories [10] .
From a string theory perspective the N = 4 theories result from orientifold compactifications of IIB supergravity [11, 12] . In this picture part of the deformation parameters of the gauging correspond to fluxes or additional branes on the background [13, 14, 15, 16, 17] . But so far not all known gaugings could be identified in this way. Lower N theories can be obtained by truncation of the N = 4 supergravities, for example certain relevant N = 1 Kähler potentials can be computed from the N = 4 scalar potential [18, 19, 20] .
By incorporating all possible gauged N = 4 supergravities in a universal formulation in this paper we hope to illuminate the interrelation of the different theories but also to pave the way for a future analysis of particular gaugings. The gaugings are parameterized by an embedding tensor which can be treated as a group theoretical object and is subject to a set of consistency constraints. This method was successfully used to work out the general gaugings of maximal supergravities for various spacetime dimensions [21, 22, 23, 24] . For an even number of spacetime dimensions there are subtleties that seem to hamper the universal description. For example in D = 4 magnetic vector fields are usually introduced on-shell via the equations of motion, while for a general gauging they may possibly occur as gauge fields in the covariant derivative already at the level of the Lagrangian. Closely related to this problem is the fact that in D = 4 the global symmetry group of a supergravity theory is generically only realized on-shell since it involves duality rotations between the electric and magnetic vector fields [25, 26] . These issues were resolved in [27] , where for a general four dimensional theory it was explained how to consistently couple electric and magnetic vector gauge fields together with two-form tensor gauge fields for a general gauging. Here we apply this method to the case of gauged N = 4 supergravities.
In D = 4 the global symmetry group of the ungauged theory is G = SL(2) × SO (6, n) , where n denotes the number of vector multiplets. This group also organizes the gaugings since the deformation parameters f αM N P and ξ αM are tensors under G (they are explicitly defined below). These tensors are the irreducible components of the embedding tensor. In terms of them the bosonic Lagrangian and the Killing spinor equations are presented, the consistency constraints which they have to satisfy are explained and solutions to these constraints are discussed. In particular the SU (1, 1) phases that were introduced by de Roo and Wagemans to find ground states with nonvanishing cosmological constant [7, 8, 28] are identified as parameters incorporated in f αM N P . In the same manner the parameters that correspond to three-form fluxes in compactifications from IIB supergravity [13, 14, 15, 16] are identified. Also the gaugings that originate from Scherk-Schwarz reduction from D = 5 are included in our formulation [29] . In addition, there are various other gaugings that have not yet been discussed in the literature, in particular all gaugings with both f αM N P and ξ αM non-zero are novel.
Analogous to the four dimensional case the general five dimensional gauged N = 4 supergravity 1 is worked out by applying the ideas of [23] , where the corresponding gauged maximal supergravity was presented. In D = 5 the irreducible components of the embedding tensor are tensors f M N P , ξ M N and ξ M , which are tensors under the global symmetry group SO(1, 1) × SO(5, n). The first account of the ungauged N = 4 supergravity in D = 5 was given in [30] , where also the first gauging of the theory was already considered. Those gaugings where the gauge group is a product of a semi-simple and an Abelian factor were already presented in [31] , examples of this type were already known for a while [32] . Also some non-semi-simple gaugings were already constructed [29] . Our presentation incorporates all these known gaugings and also includes new ones.
In former descriptions of D = 5 gauged supergravities the vector fields that are not needed as gauge fields were dualized into two-form fields to make the theory consistent [31, 32, 33, 34, 35, 36, 37] . This makes the field content of the theory dependent on the particular gauging and makes it difficult to formulate the general gauged theory in a covariant way. It was shown in [23] that one can deal with this issue by introducing both the vector fields and all their dual two-form fields as off-shell degrees of freedom and couple them via a topological term such that their duality equation results from the equations of motion. The same concept is used here to describe the general five dimensional gauged theory.
The gauged N = 4 supergravities in five dimensions are naturally embedded into the four dimensional ones by dimensional reduction and we make this relation explicit within this paper. Noteworthy, the five dimensional gaugings are parameterized in terms of three tensors f M N P , ξ M N and ξ M while the four dimensional ones are parameterized in terms of two tensors f αM N P and ξ αM only. Thus with decreasing spacetime dimension one finds not only a larger duality group but also a more uniform description of the deformations. This is the typical picture of dualities in string theory where dimensional reduction relates theories with different higher-dimensional origin.
The paper is organized as follows. In section 2 we present the general four dimensional theory. We give its bosonic Lagrangian and its Killing spinor equations, discuss the consistency constraints on the deformation parameters, and describe examples of gaugings, including those known from the literature. In section 3 the five dimensional theories are discussed analogously. Eventually, having both general gauged theories at hand, their embedding induced by a circle reduction is given. For completeness, we sketch the analogous embedding of the D = 4 into the D = 3 gaugings in the appendix.
The gaugings of N = 4 supergravity in four spacetime dimensions are parameterized by two real constant tensors f αM N P and ξ αM . These are tensors under the global onshell symmetry group SL(2) × SO(6, n), and α = 1, 2 and M = 1, . . . , 6 + n are the respective vector indices. In the following section the Lagrangian of the theory is given in terms of these tensors. However, f αM N P and ξ αM can not be chosen arbitrarily, the consistency conditions that they have to obey are discussed in section 2.2.
Lagrangian and field equations
The N = 4 supergravity multiplet contains as bosonic degrees of freedom the metric, six massless vectors and two real massless scalars. The corresponding supergravity theory has a global SL(2) × SO(6) symmetry [3] which is realized only on-shell. The scalar fields constitute an SL(2)/SO(2) coset 2 . Coupling this theory to n vector multiplets, each containing one vector and six real scalars, yields an N = 4 supergravity with global on-shell symmetry group G = SL(2) × SO(6, n) [6] . This is the theory whose deformations we want to study here for arbitrary n ∈ N. For the vector fields of the theory one can choose a symplectic frame such that the subgroup SO(1, 1) × SO(6, n) of G is realized off-shell. The electric vector fields A µ M + (M = 1, . . . , 6 + n) then form a vector under SO(6, n) and carry charge +1
under SO (1, 1) . Their dual magnetic vector fields A µ M − form an SO(6, n) vector as well but carry SO(1, 1) charge −1. Together they constitute an SL(2) vector
2 In the literature the symmetry group is usually denoted by SU(1, 1), however, we prefer to treat it as SL (2) which is of course the same group but with different conventions concerning its fundamental representation. 3 Here and in the following we use indices α, β, . . . = +, − for SL (2) vectors. The embedding of the The scalar fields form the coset space G/H, where H = SO(2) × SO(6) × SO(n) is the maximal compact subgroup of G. The SL(2)/SO(2) factor of this coset can equivalently be described by a complex number τ with Im(τ ) > 0 or by a symmetric positive definite matrix M αβ ∈ SL (2) . The relation between these two descriptions is given by
where M αβ is the inverse of M αβ . The SL(2) symmetry action on M αβ
The SO(6, n)/SO(6) × SO(n) factor of the scalar coset is described by coset representatives V M a and V M m where m = 1, . . . , 6 and a = 1, . . . , n denote SO(6) and SO(n)
vector indices, respectively. The matrix
i.e.
where η M N = diag(−1, −1, −1, −1, −1, −1, +1, . . . , +1) is the SO(6, n) metric. Global SO(6, n) transformations act on V from the left while local SO(6) × SO(n) transformations act from the right
Analogous to M αβ this coset space may be parameterized by a symmetric positive definite scalar metric M = VV T , explicitly given by
Its inverse we denote by M M N . Note that each of the matrices M M N , V M m and V M a alone already parameterizes the SO(6, n) part of the scalar coset. In order to later give the scalar potential we also need to define the scalar dependent completely antisymmetric tensor
off-shell symmetry group SO(1, 1) into SL(2) defines a basis for these vectors and thus components
For the epsilon tensor ǫ αβ we use ǫ +− = ǫ +− = 1 which yields
The ungauged theory contains the metric, electric vector fields and scalars as free fields in the Lagrangian, while the dual magnetic vectors and two-form gauge fields are only introduced on-shell (this is the description we choose). The latter come in the adjoint representation of G and since G has two factors there are also two kinds of twoform gauge fields, namely B µν ). For the general description of the gauged theory all these fields appear as free fields in the Lagrangian [27] . For the magnetic vectors this is necessary because they can appear as gauge fields in the covariant derivative while the two-forms in turn are required in order to consistently couple the vector fields. Some of the vector fields that are not needed in the gauging become Stueckelberg fields for the two-forms.
Neither the magnetic vector fields A µ M − nor the two-form gauge fields have a kinetic term and via their first order equations of motion they eventually turn out to be dual to the electric vector fields A µ M + and to the scalars, respectively. Thus the number of degrees of freedom remains unchanged as compared to the ungauged theory. The gauged supergravities are parameterized by two G-tensors
. One should think of these tensors as generalized structure constants of the gauge group. They have to satisfy certain consistency constraints to be introduced later. The following combinations occur regularly
In addition we use a gauge coupling constant g which is actually dispensable by rescaling f αM N P → g −1 f αM N P and ξ αM → g −1 ξ αM . Nevertheless it is convenient to use g to keep track of the order in the gauge coupling.
We can now present the bosonic Lagrangian of the general gauged theory
It consists of a kinetic term
4 Our space-time metric has signature (−, +, +, +) and the Levi-Civita is a proper space-time tensor, i.e. ǫ 0123 = e −1 , ǫ 0123 = −e.
a topological term for the vector and tensor gauge fields [27] 10) and a scalar potential
The covariant derivative D µ appearing in L kin acts on objects in an arbitrary representation of G = SL(2) × SO(6, n) as 12) where ∇ µ contains the spin-connection and t N P and t αβ are the generators of the global symmetry group 5 . Explicitly one finds for the scalar fields
e. the kinetic term for τ can equivalently be expressed in terms of M αβ . The full covariant field strengths of the electric and magnetic vector fields are given by
(2.14) 5 In the vector representation the symmetry generators have the form (t 6 Note that the indices + and − on the vector fields and on their field strengths distinguish the electric ones from the magnetic ones and thus do not indicate complex self-dual combinations of the field strengths as is common in the literature. We hope note to confuse the reader with that notation.
where we used the "covariant variations" 18) where the two-form field strengths are given by 19) up to terms of order g. Thus we find that the tensors f αM N P and ξ αM do not only specify the gauge group but also organize the couplings of the various fields. They determine which vector gauge fields appear in the covariant derivatives, how the field strengths have to be modified, which magnetic vector fields and which two-form gauge fields enter the Lagrangian and how they become dual to electric vector fields and scalars via their equation of motion. However, consistency of the entire construction above crucially depends on some particular quadratic constraints that f αM N P and ξ αM have to satisfy and which are presented in the next subsection.
In principle one should also give the fermionic contributions to the Lagrangian and check supersymmetry to verify that (2.8) really describes the bosonic part of a supergravity theory. We have obtained the results by applying the general method of covariantly coupling electric and magnetic vector gauge fields in a gauged theory [27] to the particular case of N = 4 supergravity. This fixes the bosonic Lagrangian up to the scalar potential. The latter is also strongly restricted by gauge invariance, only those terms that appear in (2.11) are allowed. We obtained the pre-factors between the various terms by matching the scalar potential with the one known from half-maximal supergravity in three spacetime dimensions [38] , see appendix A. The general theory then was compared with various special cases that were already worked out elsewhere [7, 9, 10, 13, 14, 15, 16, 28, 29, 39] , see section 2.4.
Quadratic constraints and gauge invariance
We have seen that the tensors ξ αM and f αM N P = f α[M N P ] parameterize the possible gaugings of the theory. These are constant tensors (their entries are fixed real numbers) for which we demand in addition the following set of consistency constraints
These quadratic constraints guarantee the closure of the gauge group, as will be explained below. The deformation of the theory is consistent if and only if these constraints are satisfied. They are invariant under the global symmetry group: given one solution one can create another one by a G action. But all solutions generated in this way describe the same gauged supergravity. This is obvious for those G transformation that belong to the SO(1, 1) × SO(6, n) off-shell symmetry since the entire construction of the last section was formally invariant under these transformations, i.e. these transformations correspond to a linear field redefinition that does not mix magnetic and electric vector fields. In contrast, two solutions of the constraints which are related by a general SL(2) transformation yield two theories which at first sight look rather different but are related by a symplectic transformation which rotates electric into magnetic vector fields and vice versa. It is convenient to define a composite index for the vector fields by
and a symplectic form Ω MN by
The symplectic group Sp(12 + 2n) is the group of linear transformations that preserve Ω MN . An arbitrary symplectic rotation of the theory gives a Lagrangian that is not yet contained in the description above but which describes the same theory on the level of the equations of motion. All possible Lagrangians of gauged N = 4 supergravity are thus parameterized by ξ αM , f αM N P and an element of Sp(12 + 2n). In order to illustrate the meaning of the quadratic constraints (2.20) we first consider the case of purely electric gaugings for which ξ αM = 0 and f −M N P = 0. In this case only electric vector fields A µ M + enter the Lagrangian. We then find f +M N P = f +M N Q η QP to be the structure constants of the gauge group and the constraint (2.20) simplifies to the Jacobi identity
Due to this identity the topological term L top vanishes in this case. Note that the SO(6, n) metric η M N is used to contract the indices in (2.22), while in the ordinary Jacobi identity the Cartan Killing form occurs. Also the indices M, N, . . . run over 6 + n values while the gauge group might be of smaller dimension. These issues will be discussed in section 2.4. In the general case of an arbitrary solution of (2.20) we can read off the gauge group generators from the covariant derivative (2.12). For an object in the vector field representation we want
which yields
Note that these objects satisfy
It was found in [27] that the last of these equations is crucial for consistency of the gauged theory. It is this linear constraint that demands the gauge group generators to be parameterized by f αM N P and ξ αM according to (2.24 ). An infinitesimal gauge transformation is parameterized by Λ M (x) = Λ M α (x) and acts on objects x M and x M in the (dual) vector field representations as
where g is the gauge coupling constant. This defines the gauge group G 0 ⊂ G ⊂ Sp(12 + 2n). Treating the generators X MN P = (X M ) N P as matrices we find the following commutator relations to be satisfied 27) i.e. the gauge group G 0 is closed. Some computation reveals that the last equation is equivalent to the quadratic constraint (2.20) . Therefore the quadratic constraint is a generalization of the Jacobi identity (2.22) guaranteeing the closure of the gauge group. Furthermore according to (2.27 ) the generators X MN P take the role of generalized structure constants. However, they are only antisymmetric in M, N after having contracted with X P . The fact that X (MN ) P is in general not vanishing explains the need for the two-form gauge fields in the generalized field strengths (2.14). The ordinary field strength would not transform covariantly under gauge transformations Λ M α (x).
The two-form gauge fields B . Under general vector and tensor gauge transformations the gauge fields transform as
where we used the covariant variations of the two-form gauge fields (2.17) . Under these gauge transformations the Lagrangian (2.8) is invariant. The only non-vanishing commutator of these gauge transformations is
In the action on objects that do not transform under tensor gauge transformations (like field strengths, scalar fields) this algebra coincides with (2.27).
Killing spinor equations
So far we have only considered bosonic fields and we do not intend to give the entire fermionic Lagrangian nor the complete supersymmetry action. They can e.g. be found in the paper of Bergshoeff, Koh and Sezgin [9] for purely electric gaugings when only f +M N P is non-zero, and we have chosen most of our conventions to agree with their work in this special case 8 . In particular all terms of order g 0 , i.e. terms of the ungauged theory, can be found there. Our aim in this section is to give the Killing spinor equations of the general gauged theory, i.e. the variations of the gravitini and of the spin 1/2 fermions under supersymmetry. Those are required for example when studying BPS solutions or when analyzing the supersymmetry breaking or preserving of particular ground states.
All the fermions carry a representation of H = SO(2) × SO(6) × SO(n) which is the maximal compact subgroup of G. Instead of SO (6) we work with its covering group SU(4) in the following. The gravity multiplet contains four gravitini ψ (4) and SO(n). The SO(2) = U(1) acts on the fermions as a multiplication with a complex phase exp(iqλ(x)), where the charges q are given in table 1.
As usual we use gamma-matrices with
In the Lagrangian the two-form gauge fields only appear under a particular projection with f αMN P and ξ αM and the gauge transformation on them only close under this very projection [23] . 8 The structure constants f MN P in [9] equal minus f +MN P .
SO (2) 
Vector indices of SU (4) to define φ i = B(φ i ) * . This ensures that φ i transforms as a Dirac spinor when φ i does.
The complex conjugate of a chiral spinor has opposite chirality, e.g.
An SO(6) vector v m can alternatively be described by an antisymmetric tensor
subject to the pseudo-reality constraint
We normalize the map v m → v ij such that the scalar product becomes
We can thus rewrite the coset representative V M m as V M ij such that the equations (2.3) and (2.6) become
9 Right-handed spinors can be described by Weyl-spinors φ A , and left-handed ones then turn to conjugate Weyl-spinors φȦ. Here A andȦ are (conjugate) SL(2, C) vector indices. In the chiral representation of the Gamma-matrices
where ǫ is the two-dimensional epsilon-tensor and 
The scalar matrices V M ij and V M a can be used to translate from SO(6, n) representations under which the vector and tensor gauge fields transform into SO(6) × SO(n) representations carried by the fermions. They are thus crucial when we want to couple fermions. For the same reason it is necessary to introduce an SL(2) coset representative, namely a complex SL(2) vector V α which satisfies
Under SO(2) V α carries charge +1 while its complex conjugate carries charge −1.
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When gauging the general theory all partial derivatives are replaced by covariant derivatives ∂ → D and all Abelian field strengths by covariant ones
Moreover one has to add the topological term and the scalar potential to the Lagrangian as we have described in section 2.1. In the fermionic sector the only additional change that has to be made in the Lagrangian is the introduction of fermionic mass terms and fermionic couplings, all of order g 1 . For example those terms that involve the gravitini
where
and A 2 ai j are the so called fermion shift matrices which depend on the scalar fields. Also the supersymmetry transformations of the fermions have to be endowed with corrections of order g 1 , namely 38) where the same matrices A 1 and A 2 appear as in the Lagrangian. There are also higher order fermion terms in the supersymmetry rules, but those do not get corrections in the gauged theory. We wrote the vector field contribution to the fermion variations in an SL(2) covariant way. Using the definition (2.15) one finds
Explicitly, the fermion shift matrices are given by
Supersymmetry of the Lagrangian forces them to obey in particular 
The Killing spinor equations δψ i = 0, δχ i = 0 and δλ ai = 0 then take the form
Due to (2.41) the first equation of (2.43) already implies the other two.
Examples
In this section we give examples of tensors f αM N P and ξ αM that solve the constraints (2.20), therewith giving examples of gauged N = 4 supergravities. We recover those gaugings that were already discussed in the literature but also obtain new ones.
Purely electric gaugings
It can be shown that as a consequence of the constraints (2.20) for every consistent gauging one can perform a symplectic rotation such that only the electric vector fields serve as gauge fields [27] . In the maximal supersymmetric theory, i.e. for N = 8, this statement can even be reversed, i.e. every gauging (defined by some embedding 11 This equation is obtained by considering terms of the form g 2ψ µ Γ µ ǫ in the variation δL. 12 Consistency of the AdS Killing spinor equation can be checked by using
tensor similar to our f αM N P and ξ αM ) that is purely electric in some symplectic frame is consistent (i.e. solves the quadratic constraints for the embedding tensor). This is different in N = 4 where a nontrivial quadratic constraint remains also for purely electric gaugings.
In the particular electric frame we have chosen -the one in which the electric and magnetic vector fields each form a vector under SO(6, n) -the purely electric gaugings are those for which f −M N P = 0 and ξ αM = 0, thus only f +M N P is non-vanishing. This is the class of theories that were constructed by Bergshoeff, Koh and Sezgin [9] . As mentioned above the quadratic constraint in this case simplifies to the Jacobi identity (2.22), which may alternatively be written as
This is a constraint on f +M N P = f +M N Q η QP only, but in addition the linear constraint ] has to be satisfied, such that the SO(6, n) metric η M N enters nontrivially into this system of constraints. The dimension of the gauge group can at most be 6 + n, which is obvious in the case that we consider here (M = 1, . . . , 6 + n), but which is also the general limit for arbitrary gaugings. We first want to consider semi-simple gaugings. Let f ab c be the structure constants of a semi-simple gauge group G 0 , where a, b, c = 1
is the Cartan-Killing form and we can choose a basis such that it becomes diagonal, i.e.
We can only realize the gauge group G 0 if we can embed its Lie algebra g 0 = {v a } into the vector space of electric vector fields such that the preimage of η M N agrees with η ab up to a factor. This puts a restriction on the signature of η ab , namely either p ≤ 6, q ≤ n (case 1) or p ≤ n, q ≤ 6 (case 2). To make the embedding explicit we define the indexM with rangeM = 1 . . . p, 7 . . . 6 + q (case 1) orM = 1 . . . q, 7 . . . 6 + p (case 2). We then have (ηMN ) = ±(η ab ) and we can define
where f abc = f ab d η dc . Since G 0 is semi-simple f abc is completely antisymmetric and thus f +M N P satisfies the linear and the quadratic constraint. For n ≤ 6 the possible simple groups that can appear as factors in G 0 are SU(2), SO(2, 1), SO(3, 1), SL(3), SU(2, 1), SO(4, 1) and SO(3, 2). For larger n we then find SU(3), SO(5), G 2(2) , SL(4), SU(3, 1), SO(5, 1), etc. Apart from these semi-simple gaugings there are various non-semi-simple gaugings that satisfy (2.44). Of those we only want to give an example. We can choose three mutual orthogonal lightlike vectors a M , b M and c M and define f +M N P to be the volume form on their span, i.e.
(2.47)
The vectors have to be linearly independent in order that f +M N P is non-vanishing. The quadratic constraint is then satisfied trivially since it contains η M N which is vanishing on the domain of f +M N P . The gauge group turns out to be G 0 = U(1) 3 . We can generalize this construction by choosing f +M N P to be any three form that has as domain a lightlike subspace of the vector space {v M }. All corresponding gauge groups are Abelian. None of the purely electric gaugings can have a ground state with non-vanishing cosmological constant since the scalar potential (2.11) in this case is proportional to M ++ = Im(τ ) −1 . Therefore de Roo and Wagemans introduced a further deformation of the theory [7] . Starting from a semi-simple gauging as presented above they introduced a phase for every simple group factor as additional parameters in the description of the gauging. In the next section we will explain the relation of these phases to our parameters f αM N P and show how these theories fit into our framework.
The phases of de Roo and Wagemans
We now allow for f +M N P and f −M N P to be non-zero but keep ξ 
To find solutions we start from the situation of the last section, i.e. we assume to have some structure constants
0. In addition we assume to have a decomposition of the vector space {v M } into K mutual orthogonal subspaces with projectors È iM N , i = 1 . . . K, i.e. such that for a general vector v M we have
Furthermore this decomposition shall be such that the three form f M N P does not mix between the subspaces, i.e. it decomposes into a sum of three-forms on each subspace
This implies that the gauge group splits into
M N P being the structure constant of the i-th factor, each of them satisfying the above Jacobi-identity separately. Solutions of the constraint (2.48) are then given by
where the w (i) α could be arbitrary SL(2) vectors which we could restrict to have unit length without loss of generality. The α i ∈ Ê, i = 1 . . . K, are the de Roo-Wagemansphases first introduces in [7] . In the following we want to use the abbreviations c i = cos α i , s i = sin α i . If K = 1 we find f +M N P and f −M N P to be proportional. This case is equivalent to the purely electric gaugings of the last section since one always finds an SL(2) transformation such that w
α becomes (1, 0). For a semi-simple gauging as described in the last section there is a natural decomposition of {v M } into mutual orthogonal subspaces and K equals the number of simple factors in G 0 . But the above construction also applies for non-semi-simple gaugings. We have mentioned above that every consistent gauging is purely electric in a particular symplectic frame. Considering a concrete gauging it is therefore natural to formulate the theory in this particular frame, and also the two-form gauge fields then disappear from the Lagrangian. For those gaugings defined by (2.51) we may perform the symplectic transformatioñ
such that the covariant derivative depends exclusively onÃ Im(τ )
The kinetic term of the vector fields involves the field strength
and the scalar dependent matrices I M N and R M N which are defined by
(2.57)
In general when going to the electric frame for an arbitrary gauging there is still a topological term for the electric fields of the form AA∂A + AAAA [40] , but here this term is not present. Comparing the scalar potential V for non-vanishing phases α i with that of the last section we find it to have a much more complicated τ dependence and one can indeed find gaugings where it possesses stationary points [10, 28] .
IIB flux compactifications
We now want to consider gaugings with an origin in type IIB supergravity. N = 4 supergravity can be obtained by an orientifold compactification of IIB [11, 12] and in the simplest T 6 / 2 case this yields the ungauged theory with n = 6, i.e. the global symmetry group is G = SL(2) × SO (6, 6) . Here, the SL(2) factor is the symmetry that was already present in ten dimensions and SO (6, 6) contains the GL(6) symmetry group associated with the torus T 6 . The compactification thus yields the theory in a symplectic frame in which SL(2) × GL(6) is realized off-shell. Turning on fluxes results in gaugings of the theory that are purely electric in this particular symplectic frame. This is the class of gaugings to be examined in this subsection. An SO (6, 6) vector decomposes under GL(6) = U(1) × SL(6) into 6 ⊕ 6. The vector fields A µ M α split accordingly into electric ones A µ Λα and magnetic ones A µ Λ α where Λ = 1 . . . 6 is a (dual) SL (6) vector index. The SO(6, 6) metric takes the form
The gauge group generators (2.24) split as X M α = (X Λα , X Λ α ) and a purely electric gauging satisfies X Λ α = 0. The tensors ξ αM and f αM N P decompose into the following representations
From (2.24) one finds that the condition X Λ α = 0 demands most of these components to vanish, only the (2, 20) and a particular combinations of the two (2, 6)'s are allowed to be non-zero. Explicitly we find for the general electric gaugings in this frame
This Ansatz automatically satisfies most of the quadratic constraints (2.20), the only consistency constraint left is
Thus for ξ αΛ = 0 we find f αΛΓΣ to be unconstrained, i.e. every choice of f αΛΓΣ gives a valid gauged theory. It turns out that f αΛΓΣ corresponds to the possible three-form fluxes that can be switched on. These theories and extensions of them were already described and analyzed in [13, 14] . It was noted in [41] that not all N = 4 models that come from T 6 / 2 orientifold compactifications can be embedded into the N = 8 models from torus reduction of IIB, since for the latter the fluxes have to satisfy the constraint f α[ΛΓΣ f βΨ∆Ξ] = 0. Searching for solutions to the constraint (2.61) with ξ αΛ non-vanishing one finds that the possible solutions have the form
with unconstraint ξ αΛ , A ΛΓ = A [ΛΓ] and B αΛ , respectively. Theories with both f αM N P and ξ αM non-zero were not yet considered in the literature. For f αM N P = 0 the remaining quadratic constraints on ξ αM demands it to be of the form ξ αM = v α w M , with v α arbitrary and w M lightlike, i.e. w M w M = 0. Thus for vanishing f αM N P the solution for ξ αM is unique up to SL(2)×SO(6, n) transformations. This solution corresponds to the gauging that can be obtained from Scherk-Schwarz reduction from D = 5 with a non-compact SO(1, 1) twist, which was constructed in [29] for the case of one vector multiplet. This suggests that in certain cases non-vanishing ξ αM corresponds to torsion on the internal manifold. But this does not apply for the IIB reductions in this section since ξ αΛ is a doublet under the global SL(2) symmetry of IIB, while a torsion parameter should be a singlet. We have shown that these theories with non-vanishing ξ αΛ are consistent N = 4 supergravities, but their higher-dimensional origin remains to be elucidated. The list of gauged N = 4 supergravities that were presented in this section is, of course, far from complete. One could, for example, discuss other orientifold compactifications of IIA and IIB supergravity, for all of which turning on fluxes yields gauged theories in four dimensions [15, 16] . However, the examples discussed were hopefully representative enough to show that indeed all the various gaugings appearing in the literature can be embedded in the universal formulation presented above. New classes of gaugings are those with both f αM N P and ξ αM non-vanishing. Every solution of the quadratic constraints (2.20) yields a consistent gauging . For additional examples see [42] .
Gauged N = 4 supergravities in D = 5
In analogy to the four dimensional theory presented in the last section we now describe the general gauged N = 4 (half-maximal) supergravity in five spacetime dimensions 13 .
The general gauging in D = 5 is parameterized by three real tensors f M N P , ξ M N and ξ M , taking the role of f αM N P and ξ αM from the last section. Our presentation is less detailed than for the four dimensional theory because for the case ξ M = 0 these theories were already presented in the literature [31] . On the other hand, gaugings with vanishing f M N P and ξ M N but non-zero ξ M have a non-semi-simple gauge group and originate in generalized dimensional reduction from D = 6 supergravity [29] . Here we complete the analysis of [29, 31] by including gaugings with all tensors f M N P , ξ M N and ξ M non-zero. We give the complete bosonic Lagrangian and Killing spinor equations and at the end of this section make contact with the four dimensional theory.
Quadratic constraints and gauge algebra
The global symmetry group of ungauged D = 5, N = 4 supergravity is G = SO(1, 1) × SO(5, n), where n ∈ AE counts the number of vector multiplets. The theory contains 13 Sometimes the half-maximal supergravities in D = 5 are referred to as N = 2 theories. We prefer the notation N = 4 since they are related to the N = 4 theories in four dimensions via a torus reduction. In this notation the minimal supergravity in D = 5 is denoted as N = 2.
Abelian vector gauge fields that form one vector A M µ and one scalar A 0 µ under SO(5, n). Note that the index M = 1 . . . 5 + n now is a vector index of SO(5, n) while in the last section we used it for SO(6, n). The vector fields carry SO(1, 1) charges 1/2 and −1, respectively, i.e.
where δ0 denotes the SO (1, 1) action. The corresponding algebra generator is denoted t0 while the SO(5, n) generators are
For the representations of the vector gauge fields these generators explicitly read
The general gauging of the theory is parameterized by tensors
and ξ M . They designate the gauge group and assign the vector gauge fields to the gauge group generators. The general covariant derivative reads
where the indices are raised and lowered by using the SO(5, n) metric η M N and g is the gauge coupling constant. In order that the above expression is G invariant we need f M N P and ξ M to carry SO(1, 1) charge −1/2 and ξ M N to have charge 1. By G invariance we mean a formal invariance treating the f M N P , ξ M N and ξ M as spurionic objects that transform under G. However, as soon as we choose particular values for these tensors the global G invariance is broken and only a local G 0 ⊂ G invariance is left.
To guarantee the closure of the gauge group and the consistency of the gauging we need the following quadratic constraints to be satisfied for a general gauging
This implies for example that ξ M has to vanish for n = 0 since for an Euclidean metric η M N one has no lightlike vectors. In general, however, all three tensors may be nonzero at the same time. For the sake of discussing the closure of the gauge group it is convenient to consider the group action on the vector field representation defined by 
where the gauge group generators X MN P = (X M ) N P are given by 6) and all other components vanish. For the commutator of these generators one finds 7) i.e. the gauge group closes and X MN P itself takes the role of a generalized structure constant. The closure relation (3.7) is equivalent to the quadratic constraint (3.4). For gaugings with only f M N P non-zero we see that this tensor is a structure constant for a subgroup G 0 of SO(5, n) that is gauged by using A M µ as vector gauge fields. If only ξ M N is non-zero we find a one-dimensional subgroup of SO(5, n) to be gauged with gauge field A 0 µ . And for gaugings with only ξ M non-zero one finds a 4 + n dimensional gauge group SO (1, 1) ⋉ SO(1, 1) 3+n where the first factor involves the SO (1, 1) of G.
Note further that (3.7) is of precisely the same form as the closure relation (2.27) which we had in four dimensions. This is not by accident but we have just applied a general method of how to gauge supersymmetric theories which goes under the name of the embedding tensor [21, 22, 23, 24, 27] . In this language the tensors f M N P , ξ M N and ξ M are components of the embedding tensor which is a linear map from the vector space of vector gauge fields to the Lie algebra of invariances of the ungauged theory. Independent of the number of supersymmetries or of the spacetime dimension the embedding tensor always has to satisfy the quadratic constraint (3.7). In addition it always satisfies a linear constraint which involves extra objects and whose form depends on the number of spacetime dimensions. For example in D = 4 the linear constraint involves the antisymmetric tensor Ω MN and has the form X (MN Q Ω P)Q = 0
[27] while in D = 5 it involves the tensor d MN P and takes the form (3.10) below. Our presentation of the five dimensional theory is to a large extend based on [23] where the corresponding maximal supergravity was presented.
To give the Lagrangian and the gauge transformations of the theory in the next section it is useful to introduce the tensors
and
The embedding tensor then satisfies
The general Lagrangian
We have already introduced the vector fields A M µ and A 0 µ . In addition the bosonic field content consists of scalars that form the coset SO(1, 1) × SO(5, n)/SO(5) × SO(n) and two-form gauge fields B µν M = (B µν M , B µν 0 ). In the ungauged theory these two-form fields do not appear in the Lagrangian but can be introduced on-shell as the duals of the vector gauge fields. In the gauged theory we consider both vector and two-form fields as off-shell degrees of freedom, however, the latter do not have a kinetic term but couple to the vector fields via a topological term such that they turn dual to the vectors due to their own equations of motion [23] . This is analogous to the four dimensional case where the two-forms turned out to be dual to scalars via the equations of motion.
The SO(1, 1) part of the scalar manifold is simply described by one real field Σ that is a singlet under SO(5, n) and carries SO(1, 1) charge −1/2. In addition we have the coset SO(5, n)/SO(5) × SO(n) which is parameterized by a coset representative 
The two-form gauge fields transform dual to the vector gauge field under G, i.e. B µν M is a vector with SO(1, 1) charge −1/2 and B µν 0 is a singlet carrying charge 1. They enter into the covariant field strength of the vector fields as follows
We now have all objects to give the bosonic Lagrangian of the general gauged N = 4 supergravity in five dimensions
It consists of a kinetic part
a topological part [23] 15) and a scalar potential
For ξ M = 0 the latter agrees with the potential given in [31] . The topological term seems complicated, but its variation with respect to the vector and tensor gauge fields takes a rather simple and covariant form, namely
where we have used the covariant variation 18) and the covariant field strength of the two-form gauge fields
. (3.19) Note that the two-forms appear in the Lagrangian always projected with Z MN , i.e. they completely decouple from the theory for the ungauged case g → 0, but also for the gauged theory there are never all two-forms entering the Lagrangian. For gaugings with only f M N P non-zero we have Z MN = 0 and thus no two-forms are needed. In the last equation we also defined the field strength of the two-forms only under Z MN projection because only then it transforms covariantly under the following gauge transformations [23] 
The topological term L top is invariant under (3.20) up to a total derivative. The algebra of gauge transformations closes analogous to the one we found in four dimensions (2.29) .
Varying the two-forms in the Lagrangian yields the equation of motion
where we have used
Due to equation (3.22 ) the two-forms become dual to the vector gauge fields as was announced earlier.
Killing spinor equations
We now turn to the fermions of the five dimensional theory in order to give the Killing spinor equations. The fermions come in representations of the maximal compact subgroup H = USp(4) × SO(n) of G, where USp (4) is the covering group of SO(5). In the gravity multiplet there are four gravitini ψ µi and four spin 1/2 fermions χ i , both vectors under USp(4) and singlets under SO(n), i = 1 . . . 4. In the n vector multiplets there are 4n spin 1/2 fermions λ a i which form a vector under both USp(4) and SO(n), a = 1 . . . n. All fermions are pseudo-Majorana, i.e. they satisfy a pseudo-reality constraint of the form ξ i = Ω ij C(ξ j ) T , where Ω ij is the USp(4) invariant symplectic form and C is the charge conjugation matrix. The coset representative V M m transforms as a 5 under USp(4) and can alternatively be expressed as
Under supersymmetry transformations parameterized by ǫ i = ǫ i (x) we have
Here we have neglected higher order fermion terms. These fermion variations could formally be read off from [31] . But the fermion shift matrices A 1ij , A 2ij and A a 2ij which are defined below now include contributions from the vector ξ M .
Using V M a and V M ij we can define from f M N P , ξ M N and ξ M scalar dependent tensors that transform under H. The vector ξ M gives
from the 2-form ξ M N one gets 27) and the 3-form f M N P yields
14 The fermion shift matrices can now be defined as
These matrices do not only appear in the fermion variations but also in the fermion mass terms that have to appear in the Lagrangian of the gauged theory
Note that we have only given those terms that involve the gravitini. Supersymmetry imposes the following condition on the fermion shift matrices
where the scalar potential appears on the right hand side. Again this condition is satisfied as a consequence of the quadratic constraint (3.4).
Dimensional reduction from
Starting from a five dimensional N = 4 supergravity one can perform a circle reduction to get a four dimensional N = 4 supergravity. Thus any five dimensional gauging described by f M N P , ξ M N and ξ M must give rise to a particular four dimensional gauging 14 Our notation translates into that of [31] as follows:
characterized by f αM N P and ξ αM . In other words the set of five dimensional gaugings is embedded into the set of four dimensional gaugings and we now want to make this embedding explicit. This yields additional examples of four dimensional gaugings, but it is also interesting in the context of string dualities in presence of fluxes since the two tensors f M N P and ξ M N in D = 5 turn out to be parts of the single tensor f αM N P under the larger duality group in D = 4. Thus, as usual, one gets a more unified description of gaugings with different higher dimensional origin when compactifying the supergravity theory further. With all the group structure at hand it is not necessary to explicitly perform the dimensional reduction but we can read off the connection from the formulas for the covariant derivatives (2.12) and (3.3) (that is from the embedding tensor).
A five dimensional theory with n vector multiplets yields a four dimensional theory with n + 1 vector multiplets. One way to understand that is by counting scalar fields. There are 5n + 1 scalars already present in five dimensions and in addition one gets one scalar from the metric and 6 + n scalars form the vector fields which gives 6n + 8 in total and agrees with the number of scalars in the coset SL(2) × SO(6, n + 1)/SO(2) × SO ( 32) and these fields carry charges 1/2 and −1 under the diagonal of SO(1, 1) A and SO(1, 1) B and the five dimensional SO(1, 1) therefore has to be this diagonal. Thus the five dimensional global symmetry generators are given in terms of the four dimensional ones as follows are uncharged under the five dimensional SO(1, 1), they are the Kaluza-Klein vector coming from the metric and its dual field. Now, if a four dimensional vector field that was already a vector field in five dimensions (3.32) gauges a four dimensional symmetry that was already a symmetry in five dimensions (3.33) the corresponding gauge coupling in the covariant derivative in D = 4 has to be the same as in D = 5. For the four dimensional covariant derivative (2.12) one finds
where Θ αM N P is defined in (2.7) 15 and D add µ denotes exclusively four dimensional contributions to the covariant derivative. By comparing with the known covariant derivative in five dimensions (3.3) one gets
For a simple circle reduction it is natural to demand furthermore
Some of the last quantities, however, may be non-zero for more complicated dimensional reductions and may then for example correspond to Scherk-Schwarz generators [29] . But for the ordinary circle reduction we have just given the embedding of the five dimensional gaugings into the four dimensional ones. In addition to the above equations we have to make sure that f αMÑP is totally antisymmetric in the last three indices (M = {M, ⊕, ⊖}). One can then show that for these tensors f αMÑP and ξ αM the four dimensional quadratic constraint (2.20) becomes precisely the five dimensional one Due to the antisymmetry of f αMÑP one finds the following additional terms in the D = 4 covariant derivative:
These are couplings of vector fields to symmetry generators that both only occur in four dimensions. If one explicitly performs the dimensional reduction by hand these gauge couplings originate from the dualization of the various fields.
Conclusions
The general gaugings of N = 4 supergravity in D = 5 and D = 4 were presented. The D = 4 gaugings are parameterized by two SL(2) × SO(6, n) tensors f αM N P and ξ αM , 15 Note that what we called n in section 2 is now n + 1 and the index M now is an SO(5, n) vector index rather than a SO(6, n + 1) index. 16 The equality of the scalar potentials is most easily checked at the origin M = ½. If the potentials do agree there for all possible gaugings the statement is already proven due to the SO(1, 1) × SO(5, n) covariance of the construction.
subject to a set of consistency constraints. New classes of gaugings were found and it was shown how the known gaugings are incorporated in this framework. Remarkably, all known examples can be described by turning on only f αM N P or ξ αM , but we have shown that for a general gauging both tensors can be non-vanishing. Similarly, in five dimensions the general gaugings are parameterized by three SO(1, 1)×SO(5, n) tensors f M N P , ξ M N and ξ M . The gaugings with ξ M = 0 were already described in [31] , but it is necessary to incorporate ξ M to also include non-semi-simple gaugings that result from Scherk-Schwarz dimensional reduction [29] . For a generic gauging all three tensors may be non-zero. It would be very interesting to understand how all these gaugings can be obtained from compactifications of string-or M-theory. For example for the D = 4 gaugings with non-vanishing de Roo-Wagemans phases the higher dimensional origin is not yet known. The compactifications that yield these gaugings might be of unconventional type [43, 44] . The unifying scheme presented in this paper should be a useful tool when tackling these questions in a covariant form. On the other hand, we have so far only presented the gauged theories and have shown their consistency. It would be interesting to further study these theories by classifying their ground states, computing the mass spectrum, analyzing stability, etc.
A.1 General gauging, scalar potential, fermion shift matrices In addition it has to satisfy the quadratic constraint
which may be written as a constraint on λ M N P Q , λ M N and λ. The scalars of the theory form the coset SO(8, n)/SO(8)×SO(n) and in the following we use the same conventions and notations as for the SO(6, n)/SO(6) × SO(n) coset in four dimension, in particular we again have 5) where now a = 1, . . . , n and m = 1, . . . , 8. In addition we need the scalar dependent object
The scalar potential then takes the form
Although written differently, this is the same potential as given in [38] . The maximal compact subgroup of G is H = SO(8) × SO(n). All the fermions and the fermion shift matrices A 1 and A 2 transform under H. Let A,Ȧ = 1, . . . , 8 be (conjugate) SO (8) Performing a circle reduction of four dimensional N = 4 supergravity with n vector multiplets yields a three dimensional N = 8 supergravity with n + 2 vector multiplets. The embedding of the global symmetry groups is given by SO(8, n + 2) ⊃ SO(2, 2) × SO(6, n) ⊃ SL(2) × SO(6, n) , (A.11) where the SL (2) is just one of the factors in SO(2, 2) = SL(2) × SL(2). Accordingly we split the fundamental representation of SO(8, n + 2) as vM = (v M , v xα ) where α = 1, 2 and x = 1, 2. Note that the SO(8, n + 2) vector index is denoted byM , while M is an SO(6, n) vector index. The SO(2, 2) metric is given by η xα yβ = ǫ xy ǫ αβ , which yields η xα yβ η yβ zγ = δ zγ xα .
(A.12)
The SL(2) generators t (αβ) , t (xy) and the SO(2, 2) generators t xα yβ = t yβ xα are related as follows t xα yβ = − 1 2 (ǫ αβ t xy + ǫ xy t αβ ) , (A.13)
